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Abstract. We prove global subelliptic estimates for systems of quadratic dif- 
ferential operators. Quadratic differential operators are operators defined in the 
Weyl quantization by complex-valued quadratic symbols. In a previous work, we 
pointed out the existence of a particular linear subvector space in the phase space 
intrinsically associated to their Weyl symbols, called singular space, which rules 
a number of fairly general properties of non-elliptic quadratic operators. About 
the subelliptic properties of these operators, we established that quadratic oper- 
ators with zero singular spaces fulfill global subelliptic estimates with a loss of 
derivatives depending on certain algebraic properties of the Hamilton maps asso- 
ciated to their Weyl symbols. The purpose of the present work is to prove similar 
global subelliptic estimates for overdetermined systems of quadratic operators. 
We establish here a simple criterion for the subellipticity of these systems giv- 
ing an explicit measure of the loss of derivatives and highlighting the non-trivial 
interactions played by the different operators composing those systems. 



1. Introduction 

1.1. Miscellaneous facts about quadratic differential operators. In a recent 
joint work with M. Hitrik, we investigated spectral and semigroup properties of non- 
elliptic quadratic operators. Quadratic operators are pseudodifferential operators 
defined in the Weyl quantization 

(1.1) f(x,D>W~/ e ^-yUj^±l 7 A u{ y )dyd ^ 

(2tt)™ J R2n V 2 ) 

by some symbols q(x, £), with (x, £) € R n x R" and n € N*, which are complex- 
valued quadratic forms. Since these symbols are quadratic forms, the corresponding 
operators in (jl.ip are in fact differential operators. Indeed, the Weyl quantization 
of the quadratic symbol x a ^, with (a,j3) £ N 2 ™ and \a + /3| = 2, is the differential 
operator 

2— — 2 — , D x = i 1 d x . 

One can also notice that quadratic differential operators are a priori formally non- 
selfadjoint since their Weyl symbols in (|1.1[) are complex-valued. 

Considering quadratic operators whose Weyl symbols have real parts with a sign, 
say here, Weyl symbols with non-negative real parts 

(1.2) Req>0, 

we pointed out in [2] the existence of a particular linear subvector space S in the 
phase space R™ x R^ intrinsically associated to their Weyl symbols q(x,£), called 
singular space, which seems to play a basic role in the understanding of a number 
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of fairly general properties of non-elliptic quadratic operators. More specifically, we 
first proved in [5] (Theorem 1.2.1) that when the singular space S has a symplectic 
structure then the associated heat equation 

( L3 ) | ^(t,x)+q w (x,D x )u(t,x) =0 

is smoothing in every direction of the orthogonal complement S' 71 - of S with respect 
to the canonical symplectic form a on M. 2n , 

(1.4) a((x, 0, (y, V)) = S-V ~ x. V , (x, G M 2 ", (y, fj) £ M 2 ", 

that is, that, if (a/, £') are some linear symplectic coordinates on the symplectic space 
S aA - then we have for all* > 0, N G N and «6L 2 (M"), 

(1.5) ((1 + \x'\ 2 + \^'\ 2 ) N ) w e- tqV ^ D '^ G L 2 (M"). 

We also proved in [2] (See Section 1.4.1 and Theorem 1.2.2) that when the Weyl 
symbol q of a quadratic operator fulfills (|1.2|l and an assumption of partial ellipticity 
on its singular space S in the sense that 

(1.6) (x,()6S, q(x,{)=0=>(x,t)=0, 

then this singular space always has a symplectic structure and the spectrum of the 
operator q w (x,D x ) is only composed of a countable number of eigenvalues of finite 
multiplicity, with a similar structure as the one established by J. Sjostrand for elliptic 
quadratic operators in his classical work [18) . Elliptic quadratic operators are the 
quadratic operators whose symbols satisfy the condition of global ellipticity 

(x,£)GR 2l \ q ( x ,Z)=0^( x ,Z) = 0, 

on the whole phase space R 2 ™. Let us recall here that spectral properties of quadratic 
operators are playing a basic role in the analysis of partial differential operators with 
double characteristics. This is particularly the case in some general results about 
hypoellipticity. We refer the reader to [3|, [IB]) as wen as Chapter 22 of [5] together 
with all the references given there. 

In the present paper, we are interested in studying the subelliptic properties of 
overdetermined systems of non-selfadjoint quadratic operators. This work can be 
viewed as a natural extension of the analysis led in [17J, in which we investigated in the 
scalar case the role played by the singular space when studying subelliptic properties 
of quadratic operators. We aim here at showing how the analysis led in this previous 
work can be pushed further when dealing with overdetermined systems of quadratic 
operators. We shall see that the techniques introduced in |T7] are sufficiently robust 
to be extended to the system case and that they turn out to be sufficiently sharp 
to highlight phenomena of non-trivial interactions between the different quadratic 
operators composing a system. In this paper, we shall therefore be interested in 
establishing some global subelliptic estimates of the type 

N 

(1.7) IIW^O^^ruL^Ell^^'^H^ + ll"!!^' 

3=1 

where ((x, £)) = (l + I^P + ICI 2 ) 1 ^ 2 an d S > 0; for systems of the N quadratic operators 
q'j'(x,D x ), with 1 < j < N. The positive parameter S > appearing in (jl.7p will 
measure the loss of derivatives with respect to the elliptic case (case 6 = 0). As 
in the scalar case studied in |17| . we aim at giving a simple criterion for systems 
of quadratic operators ensuring that a global subelliptic estimate of the type (|1.7[) 
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holds together with an explicit characterization of the associated loss of derivatives. 
This loss of derivatives 5 will be characterized in terms of algebraic conditions on the 
Hamilton maps associated to the Weyl symbols of the quadratic operators composing 
the system. 

In this work, we study the subellipticity of overdetermined systems in the sense 
given by P. Bolley, J. Camus and J. Nourrigat in [TJ (Theorem 1.1). In this semi- 
nal work, these authors study the microlocal subellipticity of overdetermined systems 
of pseudodifferential operators. More specifically, they establish the subellipticity of 
systems composed of pseudodifferential operators with real principal symbols satis- 
fying the Hormander-Kohn condition. More generally, in the case of overdetermined 
systems of non-selfadjoint pseudodifferential operators, the greatest achievements up 
to now were obtained by J. Nourrigat in [5] and [§]. In these two major works, 
J. Nourrigat studies the microlocal subellipticity and maximal hypoellipticity for sys- 
tems of non-selfadjoint pseudodifferential operators by the mean of representations of 
nilpotent groups. We shall explain in the following how the algebraic condition on the 
Hamilton maps (| 1 . 1 8|) in Theorem 11.2.11 relates with these former results. More specif- 
ically, we shall comment on its link with the Hormander-Kohn condition appearing 
in [I] (Theorem 1.1). 

Before giving the precise statement of our main result, we shall recall miscellaneous 
notations about quadratic differential operators and the results obtained in the scalar 
case. In all the following, we consider 

q 3 : E™ x C 

(x,0 H- qj(x,£), 

with 1 < j < N , N complex-valued quadratic forms with non-negative real parts 

(1.8) Re qj(x,C) > 0, (x,g) £ R 2n ,n E N*. 

We know from [6 J (p. 425) that the maximal closed realization of a quadratic operator 
q^ix^Dx) whose Weyl symbol has a non- negative real part, i.e., the operator on 
L 2 (R n ) with the domain 

D(q) = {ue L 2 (R n ) : q w (x,D x )u g L 2 (R n )}, 

coincides with the graph closure of its restriction to <S(R"), 

q w {x,D x ) : S(W l ) -> S(R n ). 

Associated to a quadratic symbol q is the numerical range S(g) defined as the closure 
in the complex plane of all its values 

(1.9) E(?) = g(Kg x K»). 

We also recall from [5] that the Hamilton map F g M% n (C) associated to the quadratic 
form q is the map uniquely defined by the identity 

(1.10) q ((x, 0; (y, v)) - <t({x, 0,F(y, V)) , (», e R 2 ", (y, n) e R 2n , 

where •) stands for the polarized form associated to the quadratic form q. It 
directly follows from the definition of the Hamilton map F that its real part and its 
imaginary part 

Re F = -{F + F) and Im F = — (F - F), 

are the Hamilton maps associated to the quadratic forms Re q and Im q, respectively. 
One can also notice from (jl.lOj) that an Hamilton map is always skew-symmetric with 
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respect to a. This is just a consequence of the properties of skew-symmetry of the 
symplectic form and symmetry of the polarized form 

(1.11) MX, Y G R 2n , a(X, FY) = q(X; Y) = q(Y; X) = a(Y, FX) = ~a{FX, Y). 

Associated to the symbol q, we defined in [5] its singular space S as the following 
intersection of kernels 

-|-oo 

(1.12) S = ( p| Ker[Re F(Im F)- 7 ']) n K 2 ", 

j=o 

where the notations Re F and Im F stand respectively for the real part and the 
imaginary part of the Hamilton map associated to q. Notice that the Cayley-Hamilton 
theorem applied to Im F shows that 

(Im F) k X G Vect(X, (Im F) 2n ~ 1 X), X 6 K 2 '\ k G N, 

where Vect(JC, (Im F) 2n ~ 1 X) is the vector space spanned by the vectors X , .... 
(Im F) 2n ~ 1 X; and therefore the singular space is actually equal to the following finite 
intersection of the kernels 

2n-i 

(1.13) S = ( p| Ker[Re F(lm nR 2 ". 

3=0 

Considering a quadratic operator q w (x, D x ) whose Weyl symbol 

q : K£ x R£ C 

has a non-negative real part, Re q > 0, we established in [T7] (Theorem 1.2.1) that 
when its singular space S is reduced to {0}, the operator q w (x, D x ) fulfills the following 
global subelliptic estimate 

(1.14) 3C > O.yu e D(q), \\(((x,0) 2/(2k0+1) ) W 4 L i < C(\\q w (x,D x )u\\ L i + \\u\\ L i), 
where ko stands for the smallest non- negative integer, < fco < 2n — 1, such that the 
intersection of the following fco + 1 kernels with the phase space IR 2 ™ is reduced to {0}, 

fc 

(1.15) ( f] Ker[Re F(Im Fy] \ n R 2n = {0}. 

3=0 

Notice that the loss of derivatives 6 = 2fco/(2fco + 1), appearing in the subelliptic 
estimate (|1.14p directly depends on the non-negative integer fco characterized by the 
algebraic condition (|1 . 15[) . 

More generally, considering a quadratic operator q w (x,D x ) whose Weyl symbol 
has a non- negative real part with a singular space S which may differ from {0}, but 
does have a symplectic structure in the sense that the restriction of the canonical 
symplectic form a to S is non-degenerate, we proved in [17] (Theorem 1.2.2) that the 
operator q w (x,D. x ) is subelliptic in any direction of the orthogonal complement S al - 
of the singular space with respect to the symplectic form a in the sense that, if (%' , £') 
are some linear symplectic coordinates on S cr ' L then we have 

3C > 0,V U G D(q), \\(((x\e)) 2/{2k0+1 T4^ < C(\\q w (x,D x )u\\ L , + \\u\\ L2 ), 

with ((x',£')) = (1 + \x'\ 2 + IC'I 2 ) 1 / 2 , where fco stands for the smallest non-negative 
integer, < fco < 2n — 1, such that 

fco 

(1.16) S = ( f] Ker[Re F(Im nR 2 ". 

3=0 ' 
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Finally, we end these few recalls by underlining that the assumption about the sym- 
plectic structure of the singular space is always fulfilled by any quadratic symbol q 
which satisfies the assumption of partial ellipticity on its singular space S, 

(ar.OeS, g(a:,O = 0=> (1,0=0. 
We refer the reader to Section 1.4.1 in [2] for a proof of this fact. 

1.2. Statement of the main result. Considering a system of N quadratic operators 
qj{x, D x ), 1 < j < N, whose Weyl symbols qj have all non-negative real parts 

(1.17) Re qj(x,£) > 0, (x,£) € M 2n , n € N*, 

and denoting by Fj their associated Hamilton maps, the main result contained in this 
article is the following: 

Theorem 1.2.1. Consider a system of N quadratic operators qjix, D x ), 1 < j < N , 
satisfying (|1.17p . If there exists ko £ N such that 

(1.18) ( p| p| Ker(ReF 3 ImF il ...ImF,j)nl 2n = {0}, 

0<k<k j=l N, 

(h,...,l k )e{l,...,N} k 

then this overdetermined system of quadratic operators is subelliptic with a loss of 
5 = 2ko/(2ko + 1) derivatives, that is, that there exists C > such that for all 
u e D(qi) n ...HD(q N ), 

N 

(1.19) || (((x,o) 2/(2ko+1) ) w 4 L * < c(Eii#o r ' x> *H*' + ii M ^ 2 )' 

with ((x,Q) = (1 + \x\ 2 + \£\ 2 ) 1/2 ■ 

Remark. Let us make clear that the intersection of kernels 

P Ker(ReFjImF h ...ImF lk ), 

j=l,...,N, 
(h,...,l k )£{l,...,N} h 

is to be understood as 

P KerReFj-, 
. i v 

when k = 0. 

1.3. Example of a subelliptic system of quadratic operators. The following 
example of subelliptic system of quadratic operators shows that Theorem 11.2.11 re- 
ally highlights new non-trivial interaction phenomena between the different operators 
composing a system, which cannot be derived from the result of subellipticity known 
in the scalar case (Theorem 1.2.1 in [17 ). Indeed, define the quadratic forms 

Qj{x,0 = x\ +(% + i{(l + Xj + i£i) and &(x,f) = x\ + £ + i^f + 0+iCi), 

for 1 < j < n — 1 and (x, £) € M. 2n , with n > 2. A direct computation using (jl.lOp 
and (|1.13p shows that the singular space of the quadratic form 

n-l 

^2(Xjqj + Xj9j), 

2=1 
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for some real numbers Xj , Xj verifying 

n-1 

$3(A J -+A i )>0; 
i=i 

is given by 

n-1 

5 = {(x,0 G M 2 " : X! = Ci = ^(A^+i + A^+i) = 0}, 

j=i 

which is always a non-zero subvector space. It then follows that one cannot deduce 
any result about the subellipticity of the scalar operator 

n-1 

in order to get the subellipticity of the overdetermined system composed by the 2n — 2 
operators qJ{x,D x ) and qJ(x,D x ), for 1 < j < n — 1. Nevertheless, by denoting 
respectively Fj and the Hamilton maps of the quadratic forms qj and cjj, another 
direct computation using (|1.10[) shows that 

Ker Re Fj n Ker(Re Fjlm Fj) n R 2n = {(a;, f ) G M 2 " : x x = & = = 0} 

and 

Ker Re Fj n Ker(Re F^Im ^) n M 2n = {(a;, f) G M 2 " : ati = = Cj+i = 0}. 

One can then deduce from Theorem 11.2.11 the following global subelliptic estimate 
with a loss of 2/3 derivatives 

n-1 
3=1 

Of course, Theorem 1 1 . 2 . 1 1 can highlight more complex interactions between the differ- 
ent operators composing the system when we consider operators with different real 
parts. 

1.4. Comments on the condition for subellipticity. Theorem 11.2.11 gives a very 
explicit and simple algebraic condition on the Hamilton maps of quadratic opera- 
tors ensuring the subellipticity of the system. Let us notice that this condition is 
very easy to handle and allows to directly measure the associated loss of derivatives 
by a straightforward computation. We shall now explain how this is related to the 
Hormander-Kohn condition. Recall from [1J (Theorem 1.1) that the Hormander-Kohn 
condition for microlocal subellipticity of overdetermined systems of pseudodifferen- 
tial operators with real principal symbols; reads as the existence of an elliptic iter- 
ated commutator of the operators composing the system. In the case of a system 
of non-selfadjoint quadratic operators (qf)i<j<N , if we assume in addition that this 
system is maximal hypoellipticQ, the natural condition becomes to ask the ellipticity 
of an iterated commutator of the real parts ((Re qj) w )i<j<N and imaginary parts 
((Im qj) w )i<j<N of the operators composing the system. Coming back to our specific 



1. We refer to [H] and [3] for conditions and general results of maximal hypoellipticity for overde- 
termined systems of non-selfadjoint pseudodifferential operators. 
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condition for subellipticity (|1.18p , we first notice that in the scalar case, it reads as 
the existence of a non-negative integer fco such that 

fe 

( P| Ker[Re F(Im F) 3 ]) n R 2n = {0}, 

3=0 

with F standing for the Hamilton map of the unique operator q w {x,D x ) composing 
the system. As recalled in [17J (Section 1.2), this condition implies that, for any non- 
zero point in the phase space Xq £ M. 2n , we can find a non- negative integer k such 
that 

V < j < 2k - 1, H( mq Re q(X Q ) = and H^ q Re q(X ) ± 0, 
where Hi mq stands for the Hamilton vector field of Im q, 

^ dim q d dim q d 

lmq <9£ dx dx <9£ 
This shows that the 2k th iterated commutator 

[Im q w , [Im q w , [..., [Im q w ,Re q w ]]]...} = (-l^fZj^Re q) w , 

with exactly 2k terms Im q w in left-hand-side of the above formula; is elliptic at Xq; 
and underlines the intimate link between (j!.18[) and the Hormander-Kohn condition 
in the scalar case. In the system case, the situation is more complicated and this link 
is less obvious to highlight explicitly. More specifically, we shall see in this case that 
the algebraic condition (|1.18p implies that the quadratic form 

J2 E Bb qjQm F h ..Jm F lh X), 

k=0 j = l,...,N, 

(h,...,i k )e{i,...,N} k 

is positive definite. This property implies that for any non-zero point Xq £ K 2 ™, one 
can find k 6 N, j E {1, N} and (Zi, If.) G {1, ■■■ 7 N} k such that 

Re gj (ImF ;i ...ImF, t l o )>0. 

By considering the minimal non-negative integer k with this property and using the 
same arguments as the ones developed in [2J (p. 820-822), one can actually check that 
any iterated commutator of order less or equal to 2k — 1, that is, 

[P 1 ,[P 2 ,[P 3 ,[...,[P r ,P r+1 ]...}]}], 

with r < 2k — 1, Pi = Re or Pi = Im ; and where at least one Pi is equal to 
Re q™, for 1 < si,s 2 ,s 3 < N; are not elliptic at X . One can also check that the 
non-zero term 

Re q 3 {lm F h ..lm F h X Q ) > 0, 
actually appears when expanding the Weyl symbol at Xq of the 2k th iterated com- 
mutator 

[Im q%, [Im [Im q^, [Im [Im <, [Im <,Re qf ]]]...] 

= (-l) k (Hl nqik ...Hl nqi Re qj r. 

However, contrary to the scalar case, there may be also other non-zero terms in this 
expansion; and it is not really clear if this natural commutator associated to the term 

Re qj {lm F h ... Im Fi k X ), 

is actually elliptic at Xq, 



H? mqu ...H? mqi Re qj (X )^0. 
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Though it may be difficult to determine exactly at each point which specific commuta- 
tor is elliptic, it is very likely that condition (|1.18|) ensures that the Hormander-Kolm 
condition is fulfilled at any non-zero point of the phase space; and that these associ- 
ated elliptic commutators are all of order less or equal to 2ko. It is actually what the 
loss of derivatives appearing in the estimate (|1.19[) suggests; and this in agreement 
with the optimal loss of derivatives obtained in [1 (Theorem 1.1) for 2kg commutators 

8 = 1-— L- = 2k ° 

2k + 1 2k + 1 ' 

since we measure the loss of derivatives S with respect to the elliptic case as 

N 

||(A 2(1 - 5) ru|| L2 < £ \\qf(x,D w )u\\v + \Hv, 
i=i 

with A 2 = ((.t,£)) 2 , because quadratic operators have their Weyl symbols in the 
symbol class S(A 2 ,A~ 2 dX 2 ) whose gain is A 2 . 

Because of the simplicity of its assumptions, Theorem 11.2.11 provides a neat setting 
for proving global subelliptic estimates for systems of quadratic operators. It is possi- 
ble that some of these global subelliptic estimates for systems of quadratic operators 
may also be derived from the results of microlocal subellipticity and maximal hypoel- 
lipticity proved in [I], [8] and [9]. However, given a particular system of quadratic 
operators, one can notice that only checking the Hormander-Kohn condition in every 
non-zero point turns out to be quite difficult to do in practice. The same comment 
applies for checking the maximal hypoellipticity of the system. Another interest of the 
approach we are developing here comes from the fact that the proof of Theorem 11.2.11 
is purely analytic and does not require any techniques of representations of nilpotent 
groups as in j5] or [5]. Moreover, despite its length, the proof provided here only 
involves fairly elementary arguments whose complexity has no degree of comparison 
with the analysis led in [5] and [5]- 

Finally, let us end this introduction by mentioning that this result of subellipticity 
for systems of quadratic operators may broaden new perspectives in the understanding 
of overdetermined systems of pseudodifferential operators with double characteristics; 
and that the construction of the weight functions in Proposition ^. O.ll mav be of further 
interest and direct use in future analysis of doubly characteristic problems. In the 
scalar case, this construction of the weight function specific to the structure of the 
double characteristics obtained in [T7] (Proposition 2.0.1) has already allowed to derive 
in [3] the precise asymptotics for the resolvent norm of certain class of semiclassical 
pseudodifferential operators in a neighborhood of the doubly characteristic set. On 
the other hand, this deeper understanding of non-trivial interactions between the 
different quadratic operators composing overdetermined systems may also give hints 
on how to analyze the more complex case of by N systems of quadratic operators, 
which is a topic of current interest. On that subject, we refer the reader to the 
series of recent works on non-commutative harmonic oscillators by A. Parmeggiani 
and M. Wakayama in [TU], [TT], OH, [13], [H and [15]. 

2. Proof of Theorem 11.2.11 

In the following, we shall use the notation Sn[m(X) r ,m(X)~ 2s dX 2 ) , where Q is 
an open set in M 2 ™, r,s£l and m £ C°°(f2,R^), to stand for the class of symbols a 
verifying 

a 6 C°°(f2), Va e N 2n ,3C a > 0, \8%a(X)\ < C a m(X) r - s ^, X e Q. 
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In the case where ft — E 2 ™, we shall drop the index O for simplicity. We shall also use 
the notations / < g and / ~ g, on O, for respectively the estimates 3C > 0, / < Cg 
and, / < g and g < /, on fl. 

The proof of Theorem 1 1 . 2 . 1 1 will rely on the following key proposition. Considering 
for l<j<N, 

qj : K; 1 x E£ C 

with nef, AT complex- valued quadratic forms with non- negative real parts 

(2.1) Re fcfoO > 0, (x,0 e E 2n , 1 < j < N, 

we assume that there exist a positive integer m G N* and an open set fio m such 
that the following sum of non-negative quadratic forms satisfies 

m 

(2.2) 3c >OyX en 0l J2 Req J (lmF ll ...lmF lk X)>c \X\ 2 , 

k •;) , l v. 

(h,...,l k )£{l,...,N} k 

where the notation Im Fj stands for the imaginary part of the Hamilton map Fj as- 
sociated to the quadratic form qj. Under this assumption, one can then extend the 
construction of the bounded weight function done in the scalar case in [17J (Proposi- 
tion 2.0.1) to the system case as follows: 



Proposition 2.0.1. // {qj)i<j<N are N complex-valued quadratic forms on E 2 ™ ver- 
ifying (|2.ip and (|2.2p then there exist N real-valued weight functions 

9j e Sn (l, (X)-^TTdX 2 ), l<j<N, 

such that 

N 

(2.3) 3c ) c 1) .,,c N >0,VJen 0) l + ^2(Re qj (X) + Cj H linqj 9j (X)) > c{X)^tt , 

3 = 1 

where the notation H\ raqj stands for the Hamilton vector field of the imaginary part 
ofqj. 



As in [T7] , the construction of these weight functions will be really the core of this 
work. This construction will be an adaptation to the system case of the one performed 
in the scalar case. 

To check that we can actually deduce Theorem 11.2.11 from Proposition 12.0.11 we 
begin by noticing, as in [T7] , that the assumptions of Theorem 11.2.11 imply that the 
following sum of non-negative quadratic forms 

kg 

(2.4) 3c >0, r{X) = J2 Re q 3 (Ira F h ...lm F lk X) > c \X\ 2 , 

k=0 j=l,...,N, 

(h,...,l h )e{i,-,N} k 

is actually a positive definite quadratic form. Let us indeed consider Xq G E 2 " such 
that r(Xo) = 0. Then, the non-negativity of quadratic forms Re qj induces that for 
all < k < k , j = 1, N and (h, l k ) G {1, N}\ 



(2.5) 



Re qj (lm F h ...lm F h X ) = 0. 
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By denoting Re qj(X;Y) the polar form associated to Re q 3 , we deduce from the 
Cauchy-Schwarz inequality, ([LIU)) and (|2~5jl that for all Y £ R 2 ™, 

|Re qj (Y;Jm F h ...lm F lk X )\ 2 = \a(Y,Re F 3 Im F h ...lm F lk X )\ 2 

< Re q 3 (Y) Re qj (Im F^.-Im F h X ) = 0. 

It follows that for all Y e K 2 '\ 

cr(Y,Re Fjlm F h ...lm F h X ) = 0, 
which implies that for all < k < k , j — 1,...,N and (h,...,lk) £ {1, N} k , 

(2.6) Re Fjlm F h ...lm F h X = 0, 

since a is non-degenerate. We finally deduce (|2.4[) from the assumption (| 1 . 1 8[) . 
In the case where ko = 0, we notice that the quadratic form 

q = qi + ■■■ + qN, 

has a positive definite real part. This implies in particular that q is elliptic on R 2n . 
One can therefore directly deduce from classical results about elliptic quadratic dif- 
ferential operators proved in [18] (See Theorem 3.5 in [18] or comments about the 
elliptic case in Theorem 1.2.1 in [17]), the natural elliptic a priori estimate 

3C > 0,V<i € D( qi ) n ... n D(q N ), \\(((x : 0) 2 ) W 4l- ^ C(\\q w (x,D x )u\\ L 2 + \\u\\ L *), 

which easily implies (|1.19|) . 

We can therefore assume in the following that ko > 1 and find from Proposi- 
tion 12.0.11 some real- valued weight functions 

(2.7) g 3 e S(l, (X)-WdX 2 ), 1 < j < N, 
such that 

N 

(2.8) 3c, ci, ...,c N > 0,VX e R 2n , 1 + ( Re qj(X) + Cl H Imqj 9j (X)) > c(X)W. 

For < e < 1, we consider the multipliers defined in the Wick quantization by symbols 
1 — scjgj. We recall that the definition of the Wick quantization and some elements 
of Wick calculus are recalled in Section OJ It follows from f2T7]) . P~7)l . (gTSJ) 

and the Cauchy-Schwarz inequality that 

N N 

(2.9) Yl MlY iCku > (! - "^i)™**) = E ( Re ((! " ec^r^qf^u, u) 
j=i i=i 

AT JV N 

< £ n-£Cj9i\\L~ hT ' 1c Ml4u\\li < E lkf ic Mi 2 +IMIi 2 ^ E ll^llk+IMIi" 

3=1 J = l 3=1 

where 

(2.10) ^,0 = ^(^|^). 

because the operators (1 — ec^)^ 014 whose Wick symbol are real-valued, are for- 
mally selfadjoint. Indeed, symbols r(q 3 ) defined in (j4.8|) are here just some constants 
since q 3 are quadratic forms. The factor 2ir in (|2.10p comes from the difference of 
normalizations chosen between (jl.ip and (|4.9D (See remark in Section |4~TT) . Since from 



r p en Wick 

(1 - ec jgj )^\f^ = [(1 - ec s9j )q s + -r. V-/..V,, - —r„ !//,.</, ! 
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Wick 



with \\Sj ||,c(L 2 (R n )) 1) we obtain from the fact that real Hamiltonians get quantized 
in the Wick quantization by formally selfadjoint operators that 

N N 

^Re((l-e C ^) w ^f ck )^5:Re^ 

3=1 3=1 

N 

+ H [t 1 ~ £c j9j) Re 1j + -^ c 3 Vft.VRe q 3 + -^-CjHi^ g 

3=1 

because <7j are real- valued symbols. Since Re qj > and gj G L°°(R™), we can choose 
the positive parameter s sufficiently small such that 

V 1 < j < N,VX G K 2 ", 1 - £c j5j (X) > i, 

in order to deduce from (gTHJ) , and that 

JV iV 

(2.11) «(x)^) Wick «,u) <Nii 2 +Eii^*+EI(( v ^- VIte *) Wicku ' u )l' 

3=1 3=1 

because from flH) and O, l Wick = Id. 

One can then complete the proof of Theorem 11.2.11 by following exactly the same 
reasoning as the one used in [T7]. We recall this reasoning here for the sake of 
completeness of this work. 

By denoting X — (x,£/(2ir)) and Op™ (5(1, dX 2 )) the operators obtained by the 
Weyl quantization of symbols in the class 5(1, dX 2 ), it follows from (|4.7p . (14. 8|) and 
usual results of symbolic calculus that 

(2.12) ((X)W) Wick - ((X)W) W G Op w (5(1, dX 2 )) 
and 

(2.13) ((X)W) W ((X)W) W - ((X)W) W G Op w (S(l,dX 2 )), 
since fco > 0. By using that 



((pf) 2fe o+i) ((X) 2fc o+i) u,u) = \\({X) 2k o+i)~v 



^oi 1 1 2 

L 2 ' 



we therefore deduce from (|2.11[) and the Calderon-Vaillancourt theorem that 

N N 

(2.14) \\((X)w) w u\\l 2 < \\u\\ 2 L2 +]T \\q?u\\ 2 L2 +2 |((Vft,VRe g/ ick «,«)|. 

3=1 3=1 

Then, we get from (I2T71) and gU]) that 

(2.15) |((Vft.VRe ^) Wick u, M )| < (|VRe qj\ Wick u,u). 
Recalling now the well-known inequality 

(2-16) \f\x)\ 2 <2j{x)\\r\\ Laam , 

fulfilled by any non-negative smooth function with bounded second derivative, we 
deduce from another use of (14.31) that 



(2.17) (|VRe qj \ Wick u,u) < (((Re qj )i) wick u,u) < ((1+Re q 3 ) Wick u,u) 
since Re qj is a non-negative quadratic form and that 

2(Re qj)i < 1 + Re q r 
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By using the same arguments as in (|2.9[) . we obtain that 

((1 + Re qi ) Wick u,u) = ((Re qj ) Wick u,u) + ||u||| a = Re( gj Wick u , u) + \\u\\ 2 L2 



2 



< \\qY^u\\ L 4u\\ L2 + |M|| 2 < \\qf ick u\\l* + ||n||| 2 < \\qfu\\l 2 + \\u\\ La . 



It therefore follows from QZlty , $Z15§ and (|2~TTj) that 

N 

(2.18) \\((x)w) w u \\ 2 L2 < Nil. + E W^Wh- 

3=1 

In order to improve the estimate (|2.18p . we carefully resume our previous analysis 
and notice that our previous reasoning has in fact established that 

\\((X)W) w u\\ 2 L2 

N N 

< \W\\h + E l Re fe WiC V (1 - ec^r^u) I + E I ((V. 9j ,VRe % ) Wick u, u) \ 

3=1 3=1 
N N 

< \n\h + E MvY icku > (! - ^ft) Wick ") I + E lRe(# ic V «)l 

i=i i=i 

JV N 

< \W\\h + E l Re («>> (1 - ^ j9j ) mck u) | + E |Re(^«,tt)|, 

3=1 3=1 

because (1 — ECjgj) is a bounded operator on L 2 (M. n ), 
(2-19) ||(1 - £c^) Wick || £(i2) < ||1 - ec m \\ L ^ n) . 

By applying this estimate to ((X) 2fc o+i we deduce from f|2 . and the Calderon- 
Vaillancourt theorem that 

(2.20) || ((X) W) W U \\ 2 L2 < E |Re(^((X) ^)\, 

iV 

+E l^f'TK 1 )^)"^ (l-ec^) Wick (WW) lu u ) | + 



1 \ W 1 1 2 , I 9 

+ "La + Nlia. 



3=1 

Then, by noticing that the commutator 

(2.21) [qj, ((X)^) w ] G Op tu (5((X)^T, (X)- 2 dX 2 )), 
because is a quadratic form, and that 

(2.22) ((Xyw) w ((X)W) W -Id e Op w (S((X)- 2 ,(X)- 2 dX 2 )), 

we deduce from standard results of symbolic calculus and the Calderon-Vaillancourt 
theorem that 

|| [qf, ((X)W) W ] U \\ L2 < || [qf, ((X)W) W ] ((X)-W) w ((X)W) W u\\ L2 + \\u\\ L , 
(2-23) < \\({X)*fa) w u\\ L3 + \\u\\ L 2. 

By introducing this commutator, we get from the Cauchy-Schwarz inequality and 
(PT^j) that 



Re 



(ff((X)W) w u ,((X)W) w u)\ < |Re(^u, ((X)W) W ((X)W) W U ) 



+ ||((X)^TT)- U || 2 2 + || M ||| 2 . 
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Another use of the Cauchy-Schwarz inequality and the Calderon-Vaillancourt theorem 
with (|2.13p gives that 

Re(qfu,((X)W) w ((X)^) w u)\ < \\%u\\ l 4((X)^) w u\\ l M^u\\l4u\\l*- 
We then deduce from (|2.18p and the previous estimate that 



AT 

3=1 

N N 



^|| 2 r2 + |ktl 2 



< || ((x)w) w u \\ L2 lk>IU 2 + E W«7 u Wh + h\\h- 

3 = 1 3=1 

By using again the Cauchy-Schwarz inequality, (|2~T51) . (|2~TO|) . (j2~2"0)) and (j2~2"5)) . this 
estimate implies that 

(2.24) 

JV 

ii ((x)w) w u\\ 2 L2 < y: |rb([^, ({x)^) w ]u, (i - ^^(w^TT)^) 

3=1 

N N 

+ J] |Re(^«, ((X) - eCj5j ) Wick ((A > )^W) w u ) | + £ ||5 

i=i i=i 

N N 

3=1 3=1 

AT JV 

£ E H<?>MI - e Cj . 9j ) Wick ((X)^+T) u ' u || i2 + Y Wu\\h + II*. 

3 = 1 3 = 1 

because we get from (12 . 19[) and (|2.23[) that 

Re([^,((X}W)-] u ,(l- £Cj ,g J Wick (W^)%)| < \\{{X)^) w uf L2 

+ \\({X}W) W U \\ L2 \\u\\ L 2. 

Notice now that (|2~7)) . (j4"3)l and djT5| imply that 

[((X)W)-,(l-e C ^) Wick ] eO P -(S(i,dX 2 )), 

since (1 — ecjgj) Wlck = g™, with G 5(1, dX 2 ) and &o > 0. By introducing this new 
commutator, we deduce from the Calderon-Vaillancourt theorem, (|2.13l) . (|2.18p and 
([2~T§|) that 



\((X)^) w {l-ec 3 g 3 r^((X)W) „| 



L 2 



< \\((X}W) W U \\ L2 + ||(i - ec igj ) wick ((X}W) w ((X)Wy 

< \\((X)W) W U \\ L2 + \\((X)W) W ({X) W) W U \\ L2 



< 



((X)W) W U \\ L2 + \\((X)W) W U \\ L2 + ||u|| 



L- 



N 

< || ((X)W) w u\\ L2 + Y WA* + \\u\\ L2 . 

3=1 
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Recalling (I2.24p . we can then use this last estimate to obtain that 

JV 

(2-25) \\({X)^) w u\\ 2 L2 < J2 M7u\\l 2 + \\u\\l 2 . 

3=1 

By finally noticing from the homogeneity of degree 2 of qj that we have 

(<7i °T)(x,£) = ^-qj(x,£), 

Z7T 

if T stands for the real linear symplectic transformation 

T(x,0 = ((27r)-*x,(27r)^), 

we deduce from the symplectic invariance of the Weyl quantization (Theorem 18.5.9 
in [5]) that 

N 

\\((X}W) w u\\l 2 <^2\\qJu\\ 2 L2 + \\u\\l 2 , 

3=1 

which proves Theorem 1 1.2. II 

3. Proof of Proposition 12 . . Il 

We prove Proposition I2.0.T1 by induction on the positive integer m > 1 appearing 
in (|2.2p . Let m > 1, we shall assume that Proposition 12.0.11 is fulfilled for any open 
set J7o of R 2n , when the positive integer in (I2.2[) is strictly smaller than m. 

In the following, we denote by tp, x and w some C°°(R, [0, 1]) functions respectively 
satisfying 

(3.1) ip = 1 on [-1,1], supp ip C [-2,2], 

(3.2) x = 1 on {x e R : 1 < |ac| < 2}, supp x C {x E R : 1/2 < |x| < 3}, 
and 

(3.3) to = 1 on {x e R : |x| > 2}, supp w C {i G K : |i| > 1}. 

More generically, we shall denote by ipj, Xj an d Wj, j S N, some other C°°(R, [0, 1]) 
functions satisfying similar properties as respectively ip, x an d w with possibly differ- 
ent choices for the positive numerical values which define their support localizations. 

Let ilo be an open set of R 2 ™ such that (|2.2[) is fulfilled. Considering the quadratic 
forms 

N 

(3.4) ri, p (X)=^Re gj (X;ImF p X), 

3=1 

(3.5) f k , p {X) = qi {lm F h ...Im F^X-Jm F h ...lm Ft^lm F p X), 

3=1,—, N 

(h,---,h-i)e{i,...,N} k - 1 
for any 1 < p < N, 2 < k < m; 

N 

(3.6) r (X) = ^Re 9j (X), r fe (X) = ^ Re ^(Im i^...Im F lk X), 

3=1 j=l,...,JV 

(Ji, ...,2*)e{i, 

for any 1 < k < m; and defining 

(3.7) 9m, P ( x ) = l>(r™-i(I)(I)"^)(I)^f m , P (I), 
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where ip is the function defined in (|3.1 p and f < p < N, we get from Lemma 14.2. f I 

that 

(3.8) 

, x / , ,, , 2 < 2 '"-!) \ \ -» Refl,(ImFi,...ImFi .ImO) 
H lmqp g mtP (X) = 2i;(r m - 1 (X)(X)-^^) ]T — ^ ^- ^ 

., i v 

(i 1 ,...,i m -i)e{i,...,JV} m - 1 

, v , /v ,Jg"-^ r ^ gj (Im F ;i ..Jm fL^Im F tl ...Im fl^Im F p ) 2 X) 
+ 2V>(r m _i(A)(X) ^ m+ i j > 4m 

., i v 

(ii,...,i m _i)e{i,...,JV} m - 1 

+ ^(r ra _ 1 (I)(I)-^)H Im?p ((I)-^i)v P (I). 
We first check that 

(3.9) g m , p e S(l, (X)- 2J ^dX 2 ). 

In order to verify this, we notice from Lemma 14.2.61 that the quadratic forms 

(3.10) Re qj (lm F h ...lm F im _ 1 X;lm F h ...lm F lm _ 1 lm F p X) 
and 

(3.11) Re qj (lm F h ...lm F lm _ x X;Im F h ...lm F lm _ 1 (Im F p ) 2 X), 
belong to the symbol class 

(3.12) Sv({X)^ri,{X)- 2J &dX 2 ), 

2(2tti-1) 

for any open set Q, in R where r m _i(X) < (X) 2m + 1 . To check this, we just use 
in addition to Lemma 14.2.61 the obvious estimates 

Re qj {lm F h ...lm F/^Im F p X)i < (X) 

and 

Re q 3 (lm F h ...Im F^Qm F p ) 2 X)i < {X}. 

Moreover, since 

(3.13) (xy^n e S((X)-^TT,(X)- 2 dX 2 ), 

we obtain ([579) from ([23), ([33]) . ([5T6") . ([577) . f5TT0") . ([57T2") and Lemma H72721 

Denoting respectively Ai. p , ^42,p, ^3,p an d A± tP the four terms appearing in the 
right hand side of ([535)1. we first notice from ([371), ([5ZED) , (15712") . ([5715)1 and Lemma li72"721 
that 

(3.14) ^£5(1,(1)-^^). 
Next, by using that 

lmq p eS((X) 2 ,{X)- 2 dX 2 ), 

since Im q p is a quadratic form, we get from (|3.ip . ([575), (|3.6p . (|3.10p . (|3.12D . (|3.13p 
and Lemma T4.2.2I that 

(3.15) A 3 , p e 5((X)3^ft, (X)- 1 ^ 11 ^ 2 ), 



since 
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By using now that 

H lmqp ({x)-^rr) es{(xy^,(x)- 2 dx 2 ), 

we finally obtain from another use of ([33]), (EH), (|XTU)) . (j3~T2"|) and Lemma l4~2~2l 

that 

(3.16) 4 4 , P e5(l,(I)^tf). 
Since the term A%^ p is supported in 

supp /(r^jfljfl)-^), 

we deduce from ([3T5]l. (|XTi)) . (13~T5]) and (f3~Tr]| that there exists X o a C°°(R, [0,1]) 
function satisfying similar properties as in (|3.2j) . with possibly different positive nu- 
merical values for its support localization, such that, 3ci,C2 > 0, VX g R 2 ™, 

N 

(3.17) d+^xo^-i^)^)-^ 11 )^)^ + ^ff Im9p g m , p (X) 



2m + l 



Recalling (|2.2p . one can find some positive constants C3, C4 > such that 

m— 1 

(3.18) ^Tr fc (X)>c 3 |X| 2 , 

fe=0 

on the open set 

(3.19) fti = {X e R 2n : r m (X) < c 4 |X| 2 } n Q - 

When m > 2, one can find according to our induction hypothesis some real- valued 
functions 

(3.20) ~ Qm , p eS ni (lAXy^dX 2 ), 1< P <N, 
such that 

N 

(3.21) 3c 5 , p > 0,VX e fli, 1 + ^ (Re 5p (X) + c 5 , p i?i m9p m , p (X)) > (X)^r. 

p=i 

For convenience, we set in the following Qi_ p — when m = 1. By choosing suitably 
i/'o and wo some C°°(R, [0, 1]) functions satisfying similar properties as the functions 
respectively defined in (|3.ip and (|3.3[) . with possibly different positive numerical values 
for their support localizations, such that 

(3.22) supp 4> (r m (X)\X\- 2 )w (X) C {X e R 2 " : r rn {X) < c 4 |X| 2 }, 
and setting 

(3.23) G m , p (X) = g m , p {X) + ^ (r m {X)\X\- 2 )wo(X)~Q mtP (X), X e Q , 

we deduce from a straightforward adaptation of the Lemma 14.2.21 by recalling (|3.ip 
and (JS21) that 

(3.24) ijo(r m (X)\X\- 2 )w (X) e S(l, (X)- 2 dX 2 ). 
According to (|3.9p and (I3.20p . this implies that 

(3.25) G hp e Sn (l, (X)-tdX 2 ) and G m , p e Sn (l, (X)-^rdX 2 ), 
when m > 2. Since from (|3.24p . 

#Im 9p (^ m W|AT 2 ) W0 (X)) G 5(1,(^)" 2 ^ 2 ), 
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because Im q p is a quadratic form, we first notice from (|3.19p , (13.2011 and (|3.22[) that 
Hi mqp (M r m(X)\X\- 2 )w {X))g mtP (X) g Sn (l,(X)-^dX 2 ), 

and then deduce from (pTTT]) . ([3TT5]) . (pT2T]) . (1X2^1) and (jX2"5|) that there exist some 
positive contants C6 lP ,C7 > such that for all X g f^o, 

iv 

£ (Re q p (X) + c 6 , p H lmQp G m , p (X)) + 1 + c 7Xo (r m ^ 1 (X)(X)- 2J ^ 1 )(X)^ 
P =i 

> ^(r^iX^X)- 2 -^ 1 ) Tm{X 2 + Vo(r m (X)|X|- 2 ) Wo (X)(X)^T, 

(Jf) 2 ™+i 

when m > 2. Since 

(X)^r > ( X )^ and rm( fJ > \X\^+r, 

(X) 2m +i 

when r m (X) > \X\ 2 , we deduce from the previous estimate by distinguishing the 
regions in SIq where 

r m (X) < \X\ 2 and r m (X) > \X\ 2 , 
according to the support of the function 

lb (r m (X)\X\- 2 ), 

that one can find a C°°(R, [0, 1]) function w\ with the same kind of support as the 
function defined in (|3.3[) such that 

N 

(3.26) 3c 8 , p ,c 9 >0,Vle Q 0j X! ( Re %>( X ) + ° s p Hi 

mq p G mtP (X)) 

p=l 

+ c 9 w 1 (r m _ 1 {X){Xy 2 -w 1 ){X)^ + i > {X}^n, 
when m > 2. When to = 1, we notice from (|2.2I) that 
(3-27) n(X) > (X) 2 , 

on any set where 

N 

(3.28) |X| > cm and r (X) = £ Re g p (X) < (X)§, 

if the positive constant cio is chosen sufficiently large. Moreover, since in this case 
Gi,p — 9i,p an d that Re q p > 0, one can deduce from (|3.1[) . (|3.3[) . (|3.17p . (|3.27[) and 
(|3.28p . by distinguishing the regions in fio where 

r Q (X) < (X)i and r (X) > (X}i , 

according to the support of the function 

V(ro(X)<X>-i), 

that the estimate Q3.26P is also fulfilled in the case m = 1. Continuing our study of 
the case where to = 1, we notice from (|3.3p and Re q p > 0, that one can estimate 

N 

w 1 (r (X)(X)-i)(X)i < r (X) = £ Re 

P =i 
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for all A € M 2n . It therefore follows that one can find Cu tP > such that for all 

x g no, 

N 

q p (X) + c lhp H lmqp G hp (X)) + 1 > (A>§, 

P =i 

which proves Proposition 12 .0 . II in the case where m = 1, and our induction hypothesis 
in the basis case. 

Assuming in the following that m > 2, we shall now work on the term 
w 1 (r m ^ 1 (X)(X)- 2J ^ 1 ){X)^ , 

appearing in (|3.26[) . By considering some constants Aj > 1, for < j < m — 2, whose 
values will be successively chosen in the following, we shall prove that one can write 
that for all lei 2 ", 

(3.29) w x ( rm SX j <W Q (X)MX) 



m-2 

+ 

3 = 1 1 = 1 



m—z j m — i 



with 



(3.30) %(A) = j> f Ajfm - J lS_ 3 | , < j < m - 2, 

(3.31) V^-(A) = W2 f A; "'" 'V V ^ , 1 < j < m - 1, 



(3.32) Wq(A)=w 



r m _i(A) \ 

2(2m-l) I ' 



where if) is the C°°(R, [0, 1]) function defined in fl37[]), and w 2 is a C°°(R, [0, 1]) function 
satisfying similar properties as the function defined in (|3 . 3[) . with possibly different 
positive numerical values for its support localization, in order to have that 

(3.33) supp y/ C {w2 = 1} and supp w' 2 C {ip = l}. 

In order to check (|3.29|) . we begin by noticing from (|3.3p . (|3.3ip and (|3.32p that for 
< j < m — 1, 

(3.34) ^^(A) a5^?=T > r m _,-(A)M+r > ... > r^pQs^r > (x)^, 

on the support of the function 

j 

supp^Wo Y\_ ^) ' if 1 < J < — 1, or, supp Wo, if j = 0. 
;=i 

Notice that the constants in the estimates (|3.34|) only depend on the values of the 
parameters Ao,...,Aj_i but not on A;, when I > j. This shows that the functions 

j m—l 

*o; (n^)*j, for 1 <j < m- 2; and J[ W u 

i=\ i=i 
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are well-defined on the support of the function Wo- Now, by noticing from (|3.1D , 
1ET30|1 . (|3"3Tj) and (l3"33) that 



(3.35) l<*i+Wj+i, 
on the support of the function 

3 

supp(^Wo n Wi^ , if 1 < j < m - 2, or, supp W , if j = 0, 

1=1 

we deduce the estimate (I3.29[) from a finite iteration by using the following estimates 

Wo < Wo^o + WoWi 

and 

j j i+i 

Wo(n^) < ^(n^o^+^ln^)' 

1=1 ;=i ;=i 

for any 1 < j < to — 2. One can also notice that (|3.35p implies that 

777 — 2 /c 771—1 

(3.36) i<*i+ ( n ^)* fe+ n Wu 

k=j+l l=j+l 1=3 + 1 

on the support of the function 

supp(Wo II W l) ' if 1 < J < m " 2 - OT , ^PP Wb, if j = 0. 

!=1 

Since Re q p > 0, we then get from (|3.34p that 

777-1 N 

(3.37) VIel 2 ", Wq(X)( FJ (X)^ <5 Ao ,..., Am _ 2 ^Reg p (X), 

i=i p=i 

where aA ,...,A„ l _ 2 i s a positive constant whose value depends on the parameters 

< rn — 2 ■ 

We define for 1 < p < N, 



(3.38) p jtP (X) = W Q (X)(j[Wi(X))ii/j(X) 

for 1 < j < m — 2, and 



frn—j—X,p (-^0 

2tti-2j-2" 7 

1=1 r TO _*_i 



(3.39) p *(*) = Wb(X)*o(*)- f '"- 1 -" (A 1 



r m _i(X)^-i 



where the quadratic forms ffc )P are defined in (|3.4I) and (|3.5I) . We get from (|3.ip . 
((33)) . (|3T30|) . (j3~3T)) . |3~32)l . (pT34l) . Lemma l4~2~2l Lemma |4~2~1 Lemma l4~2~5l and 
Lemma 14.2.71 that 



(3.40) p jtP G 5(1, (X)- 2(2 -+^ 3> dX 2 ). 

for any < j < to — 2. 
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We shall now study the Poisson brackets Hj mq pj jP . In doing so, we begin by 
writing that 



(3.41) H ImqpPj . p (X) = (H^W^WfjlWiixj)*^) 



Tm —j — 1 ,p (-^ ) 

■ ' 2Tn-2j-~ 

l=i r m _j_i(X) fn-V-l 



Tm—j—l,p (-^0 

2m-2j-2~ 

! r m _ j _l(X)2m-2,'- 1 



J 

(X) ( [] Wj (X)) (H Im9p (X) 



3 

Wo(^)(n^K^))^Wftm ?P (r ro - i -i(X)-i^^)f ro _ J ._ l!j ,(X) 
i 



Z=l 



2m-2j-2 



for 1 < j ' < m — 2. We denote by respectively Bij p , B2,j, p , -B3,j,p, -B4,j,p and B$j^ p 
the five terms appearing in the right hand side of (|3.4ip . We also write in the case 
where j — 0, 

(3.42) H Imqp p , p (X) = (H lmgp Wo)(X)* (X) 



r m _!(X)^r 

r m -i, p (X) 



W (X)(H lmqp * )(X)- 

r m -i(X)i™-i 

W Q {X)^ {X)H lmqp {r m ^{X)-^)f m _ liV {X) 



(X) 

r m -i{X)i 



2m — 2 5 



and denote as before by respectively -Bi.o.p, i?2,o.pj -^3,o,p and B^o.p the four terms 
appearing in the right hand side of (|3.42[) . 

Since the constants in the estimates (|3.34[) only depend on the values of the param- 
eters Ao,..., Aj-_i; but not on A;, when I > j; we notice from (I3.29p . (|3.34[) and (|3.37p 

that there exist ao > and some positive constants a^Ao Aj_n for 1 < j < m — 1, 

whose values with respect to the parameters (A/)o<;< m -2 only depend on Ao,..., Aj_i; 
but not on A;, when I > j; such that for any constants (aj)i<j< m —2, with aj > 1; 
andleR 2 ", 

(3.43) tfli ( rm -}f-*_l I (A')^fT < aofoW^oWfm-!^) 5 ^ 

m-2 3 

3 = 1 1 = 1 

N 

p=l 
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The positive constant ao is independent of any of the parameters (A;)o<j< m _2. Setting 

m-2 

(3.44) p p = a po,p + ^ <\i".,. \ \ Pj,z» 

3=1 

we know from (|3.40p that 

(3.45) p p € S(l,(X)-^+TdX 2 ). 

For any e > 0, we shall prove that after a proper choice for the constants (Aj)o<j< m -2 
and (aj)i<j< m _2, with Aj > 1, etj > 1, whose values will depend on e; one can find 
a positive constant ci2, e > such that for all X e R 2 " , 

(3.46) c 12lS J2(Re q p (X)+H ImqpPp (X))+s{X)^ > Wl ( ) 

P =i VPO 2m+i / 

Once this estimate proved, Proposition I2.0.11 will directly follow from (I3.25p . (|3.26D , 
p.45p and (|3.46p , if we choose the positive parameter e sufficiently small and consider 
the weight functions 

9p = Ciz, e G m ,p + Cl4,ePp, 1 < P < N, 

after a suitable choice for the positive constants Ci3 j£ and c\^ s . 

Let e > 0, it therefore remains to choose properly these constants (Aj)o<j<m— 2 
and (ci!j)i<j<ro-2> with Aj > 1, Oj > 1, in order to satisfy (|3.46p . 

Recalling from P~2"2"|) that for all 1 < p < N and < s < m - 2, 

(3.47) H Imqp r m - s - hp (X) = 2 ^ Re ?i (Im F h ...Im F, m _ s _ 2 Im F P X) 

j=l,...,N 

(h,...,i m - s - 2 )e{i,...M} m - s - 2 
+ 2 V Re qj (Im F h ..lm Fi m _ s _ 2 X;Im F h ...Im Fi m _ s _ 2 (Im F P ) 2 X), 

j=l,...,N 
(h,...,l m - s - 2 )£{l,...,N} m - s - 2 

one can notice by expanding the term 

N N 

2a m _i,A ,...,A m _ 2 ^ R- e 1p + -ffim gp Pp, 
p— l p— l 

by using (l3Hj) . (pT42| and (j3T44j) that the terms in 

N m-2 / N \ 

P=l 3=1 \P=1 / 

produced by the terms associated to 

Re qj (Jm F h ...Im Fi m _ s _ 2 Im F P X), 

j=l,...,N 
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while using (|3.47[) . give exactly two times the term 

(3.48) aoW {X)9 (X)r m -i(X)*£=i 

m-2 j 

+ E «i«i,Ao,..,A,_ 1 Wo(X)(n^(X))*^X)r m _ i _ 1 (X)-^x 

3 = 1 1=1 
N 

p=l 

for which we have the estimate (|3.43p . To prove the estimate (|3.46p , it will therefore 
be sufficient to check that all the other terms appearing in (|3.4ip and (|3.42p can also 
be all absorbed in the term p. 481) after a proper choice for the constants (Aj)o<j<m-2 
and (oy)i<j< m _2; at the exception of a remainder term in 

e(X)^n. 

We shall choose these constants in the following order Ao, ai, Ai, a^, a m -i and 

A m -2- 

We successively study the remaining terms in p. 411) and (|3.42p , by increasing value 
of the integer < j < m - 2. We first notice from (|3"3]) . l[3~30"]) . (|3~32|) . 

Lemma 14.2.81 and Lemma 14.2.121 that one can choose the first constant Ao > 1 such 
that for all X £ M 2n , 

N 

(3.49) a ^2\B 1Ap (X)\ < A~* {X)w < -L^(X}*fa. 

P =i 171 

By noticing from (|3.34p that the estimates 

(3.50) r m (X) < (X) 2 < r m -i{X)^, 

are fulfilled on the support of the function Wq , we deduce from (|3.1[) , (|3.30p and (|3.42p 
that the modulus of the terms B^^ tP can be estimated as 

N N 

\ B 3,0,p( X )\ = \ r m-l(X)^ H^^m-tiX)-^^ 

P—l p—1 

x \r m ^(X)-^if m - 1>p {X)\W (X)^ (X) 

for all X £ M. 2n ; since from Lemma 14.2.81 and Lemma 14.2.101 we have for any p in 
{1, N} that 

\r m ^(X)^H Imqp (r m -i(X)-^) \ <r m _i(X)^ 

and 

\r m -i{X)-%3f m - ltP {X)\ <A K 

on the support of the function Wq(X)^o(X). By possibly increasing sufficiently the 
value of the constant Ao which is of course possible while keeping Q3.49p . one can 
control this term with the "good" term (|3.48p . 

Next, we deduce from ([3.1"]) . (pOOf . (PT4"2"|) . (1330)) and Lemma 11X51 that the mod- 
ulus of the second terms in B^o.p associated to 

2 £ Reg J (ImF il ...Im J F 1 ; m _ 2 X;Im J F 1 il ...Im J F 1 im _ 2 (Im J F 1 p ) 2 X), 
(h,...,i m - 2 )e{i,...,N} m - 2 
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while using (|3.47[) , denoted here £?4,o, P , 

N 

B 4 , .p{X) = W (X)9 {X) 

P =i 

( \ 

ffim 9 / m -i,p(^) Re qj (Im ...Im Fi m _ 2 lm F P X 



N 

< 

= 1 



E 



2 E 

V (i 1 ,...,i ro _ 2 )e{i,...,iv} m - 2 / 



= W (X)*o(X) (E glm ^ fm - 1 2 df ) - 2r m ^(X)^=r) 
can be estimated as 

JV 

p=i 

for all X £ K 2 ™. By possibly increasing sufficiently the value of the constant Ao 
which is of course possible while keeping (|3.49[) . one can also control this term with 
the "good" term (|3.48[) . The value of the constant Ao is now definitively fixed. In 
(|3.42p , it only remains to study the terms #2,o,P' 

About these terms, we deduce from ([53]) . ([330]) . (|53D|) . Lemma 11X51 and 

Lemma HXTI1 that for all lei 2 ", 

AT 

(3.51) a ^2\B !it o lP {X)\<W {X)Wi{X)r m - 1 {X)^=r. 
P =i 

By using now (|5TM|> and (|3~55)) with j = 1, we obtain that for all X e K 2 ", 



^|% P WI<c m - U „ A ra _ 2 ^(i)( J] w^po)E Re( frPO 

p=l i=l p=l 

m-2 j 



which implies that 

N N 

(3.52) a ^ 

p— i p— i 

m-2 j 

+ ^ Ci ,Ao,..A-i^ow(n^( x ))^( x ) r ™-^i( jsr ) 3;; ^ T ' 

where the quantities CjA ,...,a.,_i stand for positive constants whose values depend 
on A ,..., Aj'_i, but not on (Ak)j<k<m-2 and (a/c)i<fc< m -2, according to the remark 
done after (|3.34[) . One can therefore choose the constant a% > 1 in (I3.44p sufficiently 
large in order to absorb the term of the index j — 1 in the sum appearing in the right 
hand side of the estimate f)3 . 52[) by the term of same index in the "good" term (13.481) . 
This is possible since the constants a^Ao and ci.a are now fixed after our choice of 
the parameter Ao. 

This ends our step index j = in which we have chosen the values for the two 
constants Ao and ot\ > 1. We shall now explain how to choose the remaining constants 
(Aj')i<i<m-2 and (t*j)2<j<m— 2 in (|3.44p in order to satisfy (|3.46p . This choice will 
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also determine the values of the constants (a? ! Ao,...,A,-_i)i<i<m-2 appearing in p. 441) . 
After this step index j — 0, we have managed to absorb all the terms appearing in 
(|3.42p in the "good" term (|3.48p at the exception of a remainder coming from (|3.49j) 
and (j3~52)l . 

ro-2 j 
3=2 1=1 

where one recall that the positive constants c J - i A ,...,Aj_ 1 on ly depend on Ao,...,Aj_i, 
but not on (A-k)j<k<m-2 and (ak)i<k<m-2- 

We proceed in the following by finite induction and assume that, at the beginning 
of the step index k, with 1 < k < m — 2, we have already chosen the values for the 
constants (A^o^xfc-i and (aj)i<j<k in (|3.44|) : and that these choices have allowed 
to absorb all the terms appearing in the right hand side of (I3.42p and (|3.4ip . when 
1 < j < k — lj in the "good" term (|3.48[) at the exception of a remainder term 

(3.53) — ^- £ {X)w + 
m — 1 

rn-2 j 

j=k+l 1=1 

where the quantities c 7 - j A ,...,A,_i,ai,. stand for positive constants whose values 
only depend on A ,..., A-j-i, ax,..., a k -i; but not on (A;) J <i<-m-2 and (ai) k <i< m -2- 

We shall now explain how to choose the constants A k and; a k +i, when k < m — 3; 
in this step index k in order to absorb the terms appearing in the right hand side of 
(|3.4ip . when j = fc, at the exception of a remainder term of the type (|3.53p where k 
will be replaced by k + 1; in the "good" term Q3.48p . Since the constants (A^ck^x/c-i 
and (ctj)i<j<k have already been chosen, we shall only underline in the following the 
dependence of our estimates with respect to the other parameters (Aj)k<j< m -2 and 
(aj)k+i<j<m-2, whose values remain to be chosen. 

We notice from ^TQ, (j3~5tJjl . (j3"3T|) . (E32), l[3~33]) . (|X4ljl . Lemma and Lemma 
I4.2.12l that one can assume by choosing the constant A k > 1 sufficiently large that for 
all X eR 2n , 

N 

(3.54) a fc a fclAo ,...,A»_ 1 E \ B hh P ( x )\ £ K h {X)^ < -^(I) 3 ^, 

P =i 

since the constants a k , Ao,....,Afc_i have already been fixed. 

Next, we deduce from (I3.ip . (|3.30p . (|3.34p and (|3.4f p that the modulus of the terms 
£"3,fc,p can be estimated as 

JV 

p=l 
N 

= a k a k ,A ,-,Ak-i E \ r m-k-i (X)*™ z ™ z * Hi mqp (r m _ fc _i(X)~^ = "-i) | 
P =i 

k 

x |r m _ fc _ 1 (A)-S^r m _ fc _ 1 , p (A)|W'o(A)([|^(A))* fc (A) 

i=i 

k 

< A^W (X)(^l[W l {X)^ k {X)r m ^ 1 (X)^^, 
i=i 
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for all X 6 M 2 ™ ; since from Lemma 14.2.81 and Lemma 14.2.101 we have for any p in 
{1, ...,N} that 



\r m - k -l(X) 2 *™-™-* Hi^q^rrn-k-^X) »m-a£-?)| < r ro _fe_i (X) 

and 

|r m _ fc _i (X)" 2- = ^ : i f m _ fe _i !P (X) | < A~ 5 , 
on the support of the function 

fc 

wb(A:)(jJwi(x))* fc (jr). 

By possibly increasing sufficiently the value of the constant which is of course 
possible while keeping (|3.54[) . one can control this term with the "good" term p. 481) . 

Next, we deduce from ([33]) . (|3T3"0)l . ([3Tg4"|l . ([3H)) and Lemma 11X51 that the mod- 
ulus of the second terms in B± ikyP associated to 

2 Req J {lmF h ...lmFi m _ k _ 2 X;lmF h ...lmFi m _ k _ 2 (lmF p ) 2 X), 

j=l,...,N 
(h,...,l m - k - 2 )G{l,...,N} m - k - 2 

while using (|3.47[) . denoted here B^^,p, 



N k 

J2 B 4tktP (X) = W (X)(j[Wi(xj)* k (X) 



p=i ;=i 



E 



X 



ffi ro% ,f m -fc-i,p(X') 2 y-, Rfi ^(Im i? (l ...Im Fi m _ fc _ 2 Im F P X) 



r m _ fc _i(X)2™-2<=-i , i v r TO _ fe _i(X)=™-="-i 

V (i 1 ,...,j m _ fc _ 2 )e{i,...,JV} 



2?n-2fc-2 / j . 2m-2fc-2 

i-J)tti,...,n I 



''m-k-l(X)'- 



jv re 

■xEl^WI ~ Afc*Wb(A:)(lJWi(X))* fc (A:)r TO _ fc _i(A:)^ 



1 2m— 2fc-l 

I / y 2m-2fc-2 iri — K — ± y - 

1=1 

can be estimated as 

N 

(Xkak,A ,...,A k ^ 

p=l 1=1 

for all X 6 R 2 ™. By possibly increasing sufficiently the value of the constant A^ 
which is of course possible while keeping (|3.54p . one can also control this term with 
the "good" term (J3~48]). 

For 1 < I < k and 1 < p < N, we shall now study the term 

r m -k-i,p(X) 

_L _1_ / 2?7i-2fc-2 ) 

J=l 7 r m _fc_l(Z)2m-2fc-l 

appearing in the term B^^,p in (|3.41|) . By noticing that 

r m _;_ 2 (X) - A^ 1 r m _ ; _i(A:)^=2^? ; 

on the support of the function Hj mq Wj+i, it follows from (|3.ip . (|3.3|) . (I3.30p . (|3.31ll . 
(E32), (J3T3U), ([33D|) . Lemma 11X51 and Lemma [IXT31 that for all X 6 K 2, \ 

AT 

afcO fclAo ,„.,A Jb _ 1 E l B 5,fc, P ,i Wl £ A^% (^)*o(A)r m _ 1 (X)^T 



Bs.fc.p.iW = W {X)(H Iraqp Wi)(X)fl[W j (xj)^ k {X) 
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and 

N l-l 

afea/c,A ,...,A fc _ 



IV t— 1 



p=l J=l 

when / > 2. By possibly increasing again the value of the constant A k , one can 
therefore control the term 

JV 

afca/c : A 0: ... : A fc _i E B 5 , k ,p, 
P =i 

with the "good" term (|3.48p . The value of the constant K k is now definitively fixed. 

About the terms B 2}k}P , we deduce from (j3~Tj) . (j3~30)h lETM)) . (j3ldj) . Lemma |4~2~51 
and Lemma I4XTT1 that for all IeR 2 ", 

AT fe+1 

(3.55) a fc o fc , Aoi ... lAjb _ 1 E \ B ^A X )\ Z W (X)(l[ W^X^r^^X)^^ . 
p=i i=i 

By distinguishing two cases, we first assume in the following that k < m — 3. In this 
case, by using (|3.34[) and Q3.36[) with j = k+ 1, we obtain that for all X 6 R 2n , 

N 



^2\B 2tktP (X)\ 

rre— 1 N 

< c' m - 1M ,..., Am _ 2 , ai ,..., ah W (X)[ J] 5>e q p (X) 

i=i p=i 

m — 2 j 

+ E O.A x ,. : .,.U,S.Vi(l[U;:.V;)>l' / ;.Vir„, J , ; .Y i - ■ . 



j=k+l 1 = 1 

which implies that 

N N 

(3.56) a k a k ,A ,...,Ak-i E \ B ^, P ( X )\ < c m-i,A ,...,A m _ 2 ,a 1 ,..., Qfe E Re 

p— 1 p— 1 

m-2 j 
+ E 4,Ao,..A- 1 .« 1 ,--.^^0(^)(n W K^))%(^m-i-l(X)^=W=T, 

where the quantities c^- Aq Aim a k s t an d for positive constants whose values 
only depend on A ,..., Aj-i, on,..., a kl but not on (A;) J <i< m ^2 and {ai) k +i<i< m -2- 
Indeed, we recall that the constants appearing in the estimates (|3.34p only depend on 
the values of the parameters Ao,..., Aj_i; but not on (A;)j<(<m-2 and (a/)i<;< m _2- 
One can therefore choose the constant a k +i > 1 in (|3.44ll sufficiently large in order to 
absorb the term of index j = k + 1 in the sum (|3.53[) ; and the term of index j = k + l 
in the sum appearing in the right hand side of the estimate (|3.56p , by the term of 
same index in the "good" term (|3.48[) . 
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When k = m — 2 and taking A m _2 = 1, it follows from (|3.34[) . used with j = m — 1, 
and (f3T55|) that for all X £ R 2 ", 

N m-1 

(3.57) a m _ 2 a m _ 2 ,A ,...,A m _ 3 ^ |5 2>ro _ 2 , p (A:)| < Wb(*)( II W/(X))n(X)i 

p=i j=i 

JV 

< ^Reg p (X). 

p=i 

This process allows us to achieve the construction of the weight functions p p , 1 < 
P < N, satisfying (|3.46p . which ends the proof of (|3.46p . This also ends the proof of 
Proposition ^nill □ 

4. Appendix 

4.1. Wick calculus. The purpose of this section is to recall the definition and basic 
properties of the Wick quantization that we need for the proof of Theorem II .2. II We 
follow here the presentation of the Wick quantization given by N. Lerner in [7J and 
refer the reader to his work for the proofs of the results recalled below. 

The main property of the Wick quantization is its property of positivity, i.e., that 
non-negative Hamiltonians define non-negative operators 

a > => a Wick > 0. 

We recall that this is not the case for the Weyl quantization and refer to [7] for 
an explicit example of non-negative Hamiltonian defining an operator which is not 
non-negative. 

Before defining properly the Wick quantization, we first need to recall the definition 
of the wave packets transform of a function u S <S(K n ), 

Wu(y, V ) - («,V,,u)i»(R-) = 2n/4 J R u(x)e-^-^ 2 e^^- r 'dx, (y,fj) e R 2 ". 
where 

and x 2 = x\ + .., + x^. With this definition, one can check (see Lemma 2.1 in (Jj) that 
the mapping u n> Wu is continuous from <S(R n ) to 5(R 2 ™), isometric from L 2 {W L ) to 
L 2 (R 2 ™) and that we have the reconstruction formula 



(4.1) Vw 6 <S(R™),Vx S R™, u(x) = / Wu(y,T})<py tn (x)dydri. 

By denoting Ey the operator defined in the Weyl quantization by the symbol 

PY (X) = Te~ 2 ^ x ~ y] >\ Y = (y, V ) G R 2 ", 
which is a rank-one orthogonal projection 

(T, Y u)(x) = Wu(Y)tp Y {x) = (u,<py)l2(M")<Py(x), 
we define the Wick quantization of any L°°(R 2 ") symbol a as 

(4.2) a wick = J a(Y)T,ydY . 

More generally, one can extend this definition when the symbol a belongs to 5'(R 2 ™) 
by defining the operator o Wlck for any u and v in 5(R n ) by 

< a Wlck U,TJ >S'(R^),S(R") = < a (Y), (Sy«, u)i2(R») >5'(R 2 ™),5(R 2 "): 



28 



KAREL PRAVDA-STAROV 



where < •, ■ >s'(R n ),S(R n ) denotes the duality bracket between the spaces S'(M. n ) and 
5(R n ). The Wick quantization is a positive quantization 

(4.3) a > => a Wick > 0. 

In particular, real Hamiltonians get quantized in this quantization by formally self- 
adjoint operators and one has (see Proposition 3.2 in [7]) that L°°(R 2n ) symbols define 
bounded operators on L 2 (W n ) such that 

(4.4) ||a Wlck ||£(L2 (R „) ) < ||a[[z,oo( K 2„). 

According to Proposition 3.3 in [JJ, the Wick and Weyl quantizations of a symbol a 
are linked by the following identities 

(4.5) a Wick = d w , 
with 

(4.6) a(X) = [ a(X + Y)e- 2 ^ Y \ 2 2 n dY, X e R 2 ™, 
and 

(4.7) a Wick = a w + r(a) w , 
where r(a) stands for the symbol 



(4.8) r(a)(X) 



p 2/i 



/ / (1 - 9)a"(X + 6Y)Y 2 e^ Y ^2 n dYde, X e 
Jo il 2 " 

if we use here the normalization chosen in [7] for the Weyl quantization 

(4.9) (a w u)(x)= f e 2 ^-y^a(^,i)u{y)dydt 

which differs from the one chosen in this paper. Because of this difference in nor- 
malizations, certain constant factors will naturally appear in the core of the proof 
of Theorem 11.2.11 while using certain formulas of Section 14. 1[ but these are minor 
adaptations. We also recall the following composition formula obtained in the proof 
of Proposition 3.4 in [JJ, 



(4.10) a wick 6 wick = ab _J_ a '. b > + J_r ab \ 

47T 4lTT 



Wick 



+ s, 



with ||S'||£(£2( R ,,)) < G?„||a||£oo7 2 (&), when a s L°°(IR 2ra ) and b is a smooth symbol 
satisfying 



72(6) = sup \b<- 2 \x)T 2 \ < + 



DC. 



TeE 2Tl ,|T| = i 



The term d n appearing in the previous estimate stands for a positive constant de- 
pending only on the dimension n, and the notation {a, b} denotes the Poisson bracket 
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4.2. Some technical lemmas. This second part of the appendix is devoted to the 
proofs of several technical lemmas. 

Lemma 4.2.1. For anyl<j<N,l<p<N, (h,...,l k ) € {l,...,7V} fe and 

s±,S2 € N, we have 

(4.11) H lmqp (Re qj (lm F h ...lm F h (lm F p )^X;lm F h ...lm F lk (Im F p ) S2 X) 

= 2Re efr(lm F h ...lm F lk (Im F p ) Sl+1 X;lm F h ...lm F lk (Im F p ) S2 X) 
+ 2Re qj (lm F h ..Jm F lk (lm F p )^X;Im F h ...lm F lk (lm F p ) S2+1 X), 

where Re qj(X;Y) stands for the polarized form associated to the quadratic form 
Re qj. 

Proof of Lemma \4--2.1\ We begin by noticing from (jl.lOp and the skew-symmetry 
property of Hamilton maps p. lip that the Hamilton map of the quadratic form 

f(X) = Re qj (lm F h ...lm F lk {Im F p ) s 'X;Im F h ...lm F lk {Im F p ) s *X), 

is given by 

(4.12) F = i(-l) fe+Sl (Im F p ) s nm F lk ...lm F h Re Fjlm F h ...Im F lk (Im F p ) S2 

+ ^(-l) fc+S2 (Im F p ) S2 lm F lk ...lm F h Re Fjlm F h ...lm F h (lm F p ) s \ 

since 

(4.13) (~l) k+s 'a(X, (Im F p ) s Hm F h ...lm F h Re Fjlm F h ...Im F h (lm F p ) S2 X) 
= a(lm F h ...lm F h (lm F p ) Sl X,Re Fjlm F h ...lm F lk (Im F p ) S2 X) 

= Re qj (lm F h ...lm F h (Ixa F p ) Sl X;lm F h ...lm F h (lm F p ) s *X) 

= Re qj (lm F h ...lm F lk (lm F p ) S2 X;Im F h ...Im F lk (hn F p ) s 'X) 

= (r(lm F h ...lm F; fc (Im F p ) S2 X,Re Fjlm F h ...lm F^(Im F p ) Sl X) 

= (-l) k+S2 <j(X, (Im F p ) s nm F lk ...lm F h Re Fjlm F h ...lm F lk (lm F p ) Sl X). 

Then, a direct computation (see Lemma 2 in |16) ) shows that the Hamilton map of 
the quadratic form 

<9Im q p dr dim q p df 
dt; ' dx dx ' d^ 

is given by the commutator — 2[Im F p , F], that is, 

Hi mqv f{X) = -2a(X, [Im F p ,F]X). 

A computation as in (|4.13p then allows to directly get (14. lip . □ 

Lemma 4.2.2. Consider a C°°(R) function f such that 

f e L°°(R) and 3ci,c 2 > 0, supp /' C {x e M : a < \x\ < c 2 }, 
and r a non-negative quadratic form then for all < a < I, 

(4.14) f(r(X)(X)- 2a ) e 5(1, (X)- 2a dX 2 ). 



Hi mqp f = {Im q p ,f} = 
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Proof of Lemma \4-2.2\ It is sufficient to check that 

(4.15) V(r(X){X)- 2a ) eS n ((X)- a ,{X)- 2a dX 2 ), 

where SI is a small open neighborhood of supp f (r(X)(X)~ 2a y We deduce from 
(I2.16P and the fact that r(X) is a non-negative quadratic form that 

r(X) ~ (X) 2a 

and 

|Vr(X))|<r(X)V2<( X )«, 

on n. By noticing that < a < 1, (X) r £ S((X) r , (X)- 2 dX 2 ), for any r £ R; and 
that the function r(X) is just a quadratic form, we directly deduce (|4.15[) from the 
previous estimates and the Leibniz's rule, since 

r(X) £ S n {(X) 2a , (X)- 2a dX 2 ). □ 

In all the following lemmas, we shall denote by the quadratic forms defined in 
for < k < to. 

Lemma 4.2.3. For all s £ R and < j < m — 2, we /lave 

^•^(X) 8 £ S , n(r Tn _j_i(X)',r Tn _ J -_i(Jf)- 1 dX 2 ), 
z/ £1 z's any open se£ where 

2(2m-2j-l) 

r m _ H (I)>(I)— . 

Proof of Lemma \4-2.3\ Recalling from (|3.6p that the symbol r m _j_i(X) is a non- 
negative quadratic form and that we have from (|2.16[) that 

(4.16) iVrv^-xpQI < r,„_ rl (I)5, 
which implies that for all s £ R, 

rVn-j-iP0 a ~ r m _j_i(X) 

on Jl, we notice that the result of Lemma T4. 2.31 is therefore a straightforward conse- 
quence of the Leibniz's rule. □ 

Lemma 4.2.4. Consider the function ^ j defined in (|3.30p then for any < j < to— 2, 

*j G Sn(l,r m ^^{X)- 2 ^^dX 2 y 
if £1 zs any open set where 

2(2m-2j-l) 

r m _ H (I)>(X) — , 
which implies in particular that 

2(2m — 2j — 3) n ^ 

^ eS n (l, (X)~ dX 2 ). 
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Proof of Lemma \4-2-4\ We first notice from (|3.ip and (|3.30[) that 

r m _j_ 2 (X) ~ r m _j_i(I)^ : ', 
on fl supp Vt^- . Since from f|2 . 16[) , 

(4.18) |Vr m _,_ 2 pO| < r m _j_2(A:)4 

2m-2j-3 

< r m _ rl (I)^-«-», 
on fin supp $>j, we deduce that the quadratic symbol r m -j-2(X) belongs to the class 



(4.19) Shrisupp*' ( r m -j-i(X) , 



dX 2 



2m-2j-3 



It follows from Lemma T4. 2. 31 that 

r m -j-i{X) c _ / dX 2 



2m-2j-3 ^- "121 ISUppW. I 2m-2j-3 

which implies that 

*j 6 Sn(l,r ro - i - l (X)-^(iX J ). 
This ends the proof of Lemma 14.2.41 □ 



Lemma 4.2.5. Consider the function Wj defined in (|3.3ip then for any 1 < j ' < 
m — 1, 

W,- e5 n (l,r ro _j_i (X)~ l dX 2 ), 

if Q is any open set where 

2(2m— 2j — 1) 

r m -j-i(X) > (X) \ 
which implies in particular that 

Wj e 5 n (l, <X)- 2<2 ™™+' _1) dX 2 ). 



Proof of Lemma \4-2.5\ By noticing from (|3.3p and (13.3ip that 

r m -j-i(X) ~ r m _j(X)2- = ^+i 

and 

2(2771-27+1) 

r m _,(X)>(X) - +1 , 

on f2 n supp W^', and that the two derivatives ip' and w' 2 of the functions appearing 
in (|3.30p and (|3.3ip have similar types of support as the function defined in Q3.2p . we 
notice that we are exactly in the setting studied in Lemma 14.2.41 with j replaced by 
j — 1 . We therefore deduce the result of Lemma 14.2.51 from our analysis led in the 
proof of Lemma 14.2.41 □ 

Lemma 4.2.6. If s\, s 2 £ N, 1 < j,p < N, (l 1: ... 7 l k ) G {l,...,N} k then we have 
| Re ^(Im F h ...Im F h (Im F p ) Sl X;Im F h ...Im F h (Im F p ) s *X)\ 

< Re ^(Im F h ...Im F h (lm F p ) Sl X)^Re q^lm F h ...lm Fi k (lm F p ) S2 X)i 

< r k+Sl (X)h k+S2 (X^ 
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and 

|V[Re <&(Im ^...Im F lk (lm F p ) sl X;Im i^...Im i\(Im F p ) S2 X)] | 
< Re qj (Im F h ...Im F h (Im F p ) Sl A)5 + Re % (Im F^.-lm F ifc (Im F p ) S2 X)i 

£ %miix( S i, S2 )(^) 3 . 

Proof of Lemma \4-2.6] By reason of symmetry, we can assume in the following that 
si < S2- Recalling that the quadratic form Re qj is non- negative, the first estimate is 
a direct consequence of (|3.6I) and the Cauchy-Schwarz inequality. About the second 
estimate, we recall from (14.12p that the Hamilton map of the quadratic form 

Re qj (lm F h ...lm F lk (lm F p ) Sl X;Im F h ...lm F lk (Im F p ) S2 X), 



is 

1 



l(_l)^i(l m F p ) Sl Im F lh ..lm F h Re F 3 Im F h ..lm F lk (Im F p ) s 
1 



;(_l)fe+«2 (Im Fp y2 lm Flk ...1m F h Re F 3 Im F h ...lm F h (Im F p ) s \ 
A direct computation as in (3.18) of [16J shows that 

(4.20) V[Re qj (Im F h ..lm F lk (Im F p ) Sl A;Im F h ..lm F lk (lm F p ) S2 X)] 

= (-l) fc+Sl+1 <T(Im F p ) Sl Im F lk ..lm F h Re Fjlm f ir ..Im F lk {Im F p ) S2 
+ (-l) fc+S2+1 a(Im F p ) S2 Im F lk ...Im F h Re Fjlm F h ...lm F lk {Im F p ) Sl 

where 

' /„ 



-In 

The notation /„ stands here for the n by n identity matrix. We deduce from (|2.16p 
and (|4~2U| that for any s e N, 

(4.21) |(Im F p ) s Im F lk ...lm F h Re Fjlm F h ...lm F lk {lm F p ) s X\ 



< 



|V[Re qj (lm F h ..lm F h (Im F p ) s X)] \ 



< Re qj Qm F h ...lm F lk (lm F p ) s A)2. 

By using twice the estimate (|4.21[) with respectively X and (Im F p ) S2 ~ Sl X , and the 
index s = s±, we deduce from (|3.6[) and (I4.20[) the second estimate in Lemma T4. 2. 61 □ 

Lemma 4.2.7. Consider the quadratic form r m -j-i^ p defined in (|3.4p and (|3.5p then 
for any < j < m — 2 and 1 < p < N, 

Tm—j—l,p (A) 



2tti-2j-2 

r m -j-i(X)^- 2j -i 



G ^(l^^-^A)-^^^^ 2 ), 



if Q is any open set where 



2(2m-2i-l) 

r m - 3 -i{X) > (A) 



and 

r m _j_ 2 (A) < r m _j_i(A)^-^-i, 



which implies in particular that 

r m—j—l,p{-^) 



2m-2j-2 

^m-j-l(A) 2m - 2 3-i 



e5 a (l,(A) ^+^dX 2 ). 
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Proof of Lemma \4-2.7\ Since from Lemma 14.2.61 

\f m -j-i, P ( X )\ ~ r m _j_i(Jf)^ = S = ? 

and 

I 'm— j — l,p 

' m— j— 1 

< r ro _j_i(X)5, 

on f2, we get that the quadratic form r TO _j_i iP belongs to the symbol class 

One can then deduce the result of Lemma 14.2.71 from Lemma 14.2.31 □ 

When adding a large parameter Aj > 1 in the description of the open set ft, a 
straightforward adaptation of the proof of the previous lemma gives the following 
L°°(Q) estimate with respect to this parameter. 

Lemma 4.2.8. Consider the quadratic form f m _j_i jP defined in (|3.4p and Q3.5P then 
for any < j < m — 2 and 1 < p < N , 

\\r m -^ 1 {X)-^^f m - j - l , p {X)\\ Loom < AT*, 

z/ i7 is any open set where 

2(2m-2j-l) 

r m+1 (I)>(I)^r- 

and 

r m -j-2[X) < AT 1 r m _ J _ 1 (X)ra^ j 

iwi/i Aj > 1 . 

In the following lemmas, we shall carefully study the dependence of the estimates 
with respect to the large parameter Aj > 1. 

Lemma 4.2.9. For any < j < m — 2, we have for all X 6 f2, 

< A7*r m _ J -_i(X)3s=a?=T ) 

11 is any open se£ where 

2(2m.-2j-l) 

r m _,-_i(X) > (X) , 
rrn-j-a W < AtV^-^X)^^!, 
»m-j(^") < r m -j-i(I)^-', 

with Aj > 1. 



p= i r m _j_i(X) 2—2.-1 
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Proof of Lemma \4-2.9\ We begin by writing from (13. 4p , (|3.5p and Lemma 14.2.11 that 
(4.22) 

'm—j — l,p 

(X) = 2 V Re q s (Im F h ...lm F^^lm F p X) 

s=l,...,N 
(i 1 ,...,i m - 3 -2)G{l,...,N} m -^- 2 

+2 J2 Req s {lmF h ...lmF lm _ ] _ 2 X;lmF h ...lmFi m _ ] _ 2 (ImF p ) 2 X). 

s=l,...,N 

(h,...,i m - ] - 2 )e{i,...,N} m - j - 2 

Lemma 14.2.91 is then a consequence of the following estimate 

| He q s (lm F h ...lm F lm _ 3 _ 2 X;lm F h ...Im F u _._ 2 (Im F p ) 2 X)\ 
< Re q s (Im F h ...lm Fi m _ o _ 2 X)^Re q s (lm F h ...lm F im _ i _ 2 (Im F p ) 2 X)i 

fulfilled on f2 that we obtain from the Cauchy-Schwarz inequality. □ 

Lemma 4.2.10. For any < j < m — 2 and 1 < p < N, we have for all Ie!l, 

|r m _j_!(X) IZ-ljZi H Imq ^ (r m -j-i (X)'*™-^ ) \ < r m _ 3 -_i(l)^-Vi, 
if is any open set where 

2(2m-2j-l) 



r m _ H (I)>(I)^ 



uref/i Aj > 1. 



Proof of Lemma \4-Z.10\ We begin by writing from (|3.6p and Lemma [4.2.11 that 

(4.23) # Imgp r ro _^i(X) 

-4 ^ Req s {lxnF h ..lT[iFi m _ ] _ 1 X-lmF h ...lxnFi m _ o _ 1 lmF p X). 

s=l,...,N 
(!i,... ) / m - j _i)G{l,...,7V} m -^- 1 

Since 

2ttt-2j-2 / 2m-2j-2 \ 

r m -j-i{Xy™-*i-* H Imqp [rm-j-^X) 2m-2j-i j 

2m - 2 j - 2 Hi mqp r m ^j-i(X) 
~ ~ 2m- 2j - 1 r ra .j_i(X) ' 
Lemma 14.2.101 is then a consequence of the following estimate 

(4.24) | Re q s (Im F h ...lm F^.^J^Im F h ...lm Fi^Jm F p X)\ 

< Re q s (lm F h ...Im F u _._ 1 X)*Re g s (Im F h ...Jm i^.^Im F P X)^ 

< r m -j-i(l)'r m -,W' 

< r m _ rl (I) 1+ ^Fi, 

fulfilled on 17 that we obtain from the Cauchy-Schwarz inequality. □ 
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Lemma 4.2.11. Consider the functions tyj and Wj+i defined in (|3.30p and (|3 . 3 1 1) 

then for any < j < m — 2 and 1 < p < N, we have for all X £ f2, 

if £1 is any open set where 

2(2m-2j-l) 

r m -j-i(X)>{X) - +1 \ 
r m -j-2(X) < Afr^j.xiX)^^ , 
r m- 3 (X) < r m _j_i(I)^-!, 

with Aj > 1. 



Proof of Lemma \4-2.11\ We begin by noticing from (|3.31D and (13 .33[) that 



(4.25) 



i' 



2m-2j-3 



<W j+ i(X), 



and by writing from Lemma 14.2.11 that 

(4.26) H lmqp r m ^ 2 (X) 

= 4 J2 Req s (lmF h ...lmF lm _ ] _ 2 X;lmF ll ...lmFi m _ ] _ 2 lmF p X). 

s=l,...,N 
(i 1 ,...,i m _ 3 _ 2 )G{l,...,JV} m -J- 2 

It follows from the Cauchy-Schwarz inequality that for all X G f2, 

(4.27) | Re q s (lm F h ...lm F m _,_ 2 X;Im F^.-im F Zm _._ 2 Im F p X)| 

< Re g s (Im F^.Jm F u _._ 2 X)*Re g s (Im F^.Jm F im _._ 2 Im F P X)5 

< r ro _j_ 2 (X)2r TO _ :! _i(X)3 

_ 1 2?n-2j-2 

Then, by writing that 



lmq p 



Ajr m ^j- 2 (X) \ _ AjHi mqp r m -js(X) 



2m-2j-3 



r m - 5 -x{Xy*»>-*i-* 



2m - 2 j - 3 Ajr m _j_ 2 (-X')i?i m q p r m -j_i(X) 
"2m-2j-l rm ^_ l( X) 1+ »? 
Lemma SHUT] is a consequence of ([330]) . (|4T2"3"j) , (g^U, P~2"5]) . P~2"7|) and [(OS]) , since 



on the support of ^ . □ 



Lemma 4.2.12. For m > 2, consider the function Wo defined in (|3.32[l then for all 
X S M 2 ™ and 1 < p < AT, 



Proof of Lemma \4 .2.12] Since Vim q p (X)\ < (X), because Im g p is a quadratic form, 
Lemma T4. 2. 121 is then a consequence of (|3.3I) . (|3.6[) . (|3.32p and Lemma T4. 2.21 □ 
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Lemma 4.2.13. Consider the function Wj+i defined in (|3 . 3 1 1) then for any < j < 
m — 2 and 1 < p < N , we have for all X G Q, 

\H Imqp W J+1 (X)\ < Alr^Ww^m, 
if fl is any open set where 

2(2m— 2/i— 1) 

r m _ H (X)>(I) — , 
r m -j-2(X) < Afr^j.xiX)^^ , 
r m- 3 (X) < r m _j_i(X)^-^-i , 

loii/i Aj > 1 . 

Proof of Lemma\l2l3\ One can notice from 434]), (O, (j3^0|) . (|3"3Tj) and (pT33| 

that 



and that the derivatives of ^ j and Wj+i are exactly the same types of functions. It 
follows that Lemma T4. 2. 131 is just a straightforward consequence of Lemma [4.2.111 □ 
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